
Fundamentals	of	NanoElectronics	
Lecture	–	III	Review	



ELECTROSTATIC	MODEL	



Capacitor	Network	(Laplace	PotenDal)	

since	 VS = 0UL =
CG

CE

−qVG( ) + CD

CE

−qVD( )

Laplace	PotenDal	

UL =
CS

CE

−qVS( ) + CG

CE

−qVG( ) + CD

CE

−qVD( ) where	 CE = CS +CG +CD

 

!
∇⋅ ε r

!
∇V( ) = 0

Δρ = 0



Charge	Transfer	&	Charging	PotenDal	
Total	Charge	

−qΔN = CSV +CG V −VG( ) +CD V −VD( )

Δρ ≠ 0
U

where    -qV =U

U =UL +
q2

CE

ΔN

UL =
CG

CE

−qVG( ) + CD

CE

−qVD( )

U =UL +U0 N − N0( )

U0 =
q2

CE

single	electron	
charging	energy	



QUANTUM	MODEL	



Number	of	Electrons	(Equilibrium)	

constant	DOS	

D0	

N0 = dE ⋅D(E −UN ) ⋅
−∞

∞

∫ f (E)

µ
UN 

2	is	for	spin	

UN = 0
N0 = D0 µ −UN( )

T ~ 0



constant	DOS	

D0	

Number	of	Electrons	(Non-Equilibrium)	

U

N = dE ⋅D E −U( ) γ 1 f1 E( ) + γ 2 f2 E( )
γ 1 + γ 2

⎡

⎣
⎢

⎤

⎦
⎥∫

µ

N = D0 µ −U( )
T ~ 0



Quantum	Capacitance	

N = D0 µ −U( )
ΔQ = −qΔN = qD0 U −UN( )
ΔN = N − N0 = −D0 U −UN( )

CQ   quantum conductance

Extra	Electrons	

CQ ΔQ
ΔV

= CQ = q2D0

Quantum	Capacitance	

N0 = D0 µ −UN( )

ΔQ = q2D0 ΔV( )



WHERE	TO	PUT		
QUANTUM	CAPACITANCE	



Charge	Transfer	&	Charging	PotenDal	

U =UL +U0 N − N0( ) U0 =
q2

CE

Δρ ≠ 0
U

U =UL +
CQ

CE

UN −U( )

ΔN = N − N0 = −D0 U −UN( )

quantum 
capacitance

CQ = q2D0

N − N0 = −CQ U −UN( ) q2

U =
CEUL +CQUN

CE +CQ

CQCE

Quantum	Capacitance	

Laplace	Term	

UNUL

U



Charge	Transfer	&	Charging	PotenDal	

C =
CECQ

CE +CQ

CQCE

Quantum	Capacitance	

Laplace	Term	

UNUL

U

CG = εA
d

CE = CG +CS +CD

Smaller	Capacitor	Dominates	

Quantum	Capacitance	

CQ = q2D0



UNIFIED	FORMALISM	

Quantum	
Device	

Source	 Drain	

Gate	

Scatterer	

Quantum	
Device	

Quantum	
Device	

Drain 

Quantum 
Device 

Source 

Gate 

Scatterer	Scatterer 

FinFET	
(Intel)	

Graphene		(Marcus	et	al)	

Spintronics	

Nanotubes	(IBM)	

Molecule	Electronics	(Poulsen)	

Nanowires	

Hamiltonian (H) 



Discrete	Energy	Levels	in	Atoms	
EmiTed	Photon	Energies	

λ = h mv

2πr = nλ

de	Broglie	wavelength	

Bohr Model 

quanDzed	angular	momentum	
n = 1,2,3...

E = − Zq2

4πεor
+ mv

2

2
= − Z 2 n2( )E0

E0 =
q2

8πεoa0

= 13.6 eV



Schrödinger	EquaDon	

(heurisDc	insight	on	a	formal	quanDtaDve	basis)	

negaDve	sign!	

Electron	Cloud	

U r( ) = − Zq2

4πεor

PotenDal	Energy	

Match	experimental	observaDon!!	

Meaning	of	the		wavefuncDon	was	not	known!!		

PotenDal	Energy	

You	cannot	solve	analyDcally	other	than	“Hydrogen”	atom	(e-e	interacDons)	

 
i! ∂Ψ

∂t
= − !

2

2m
∇2 +U "r( )⎛

⎝⎜
⎞
⎠⎟
Ψ

You	need	numerical	methods.	Use	computers	!!	



AcousDc	Waves	

v	is	speed	and	u	is	displacement	

An Analogy: Acoustic Waves 

(Time	Independent		
Wave	EquaDon)	

eikx ,e− ikxDispersion	RelaDon	

 !u x( ) = Aeikx + Be− ikx A = −B

kL = πn,   n is an integerwhere	

 !u x( ) = Asin kx
Asin kL = 0



Schrödinger	EquaDon	in	1-D	

(Schrödinger	EquaDon)	

 
i! ∂Ψ

∂t
= − !

2

2m
∇2 +U "r( )⎛

⎝⎜
⎞
⎠⎟
Ψ

(constant	potenDal	&	1-D)	
 
i! ∂Ψ

∂t
= − !

2

2m
∂2Ψ
∂2 x

 Ψ = Ae−iEt !eikx (soluDon	of	PDE	for	constant	
coefficients	in	space	and/or	Dme)	

 
i! ⋅ −iE
!

⋅Ψ = − !
2

2m
ik( )2 ⋅Ψ

Dispersion	RelaDon	

 
E = !

2k2

2m



Schrödinger	EquaDon	in	2-D	

(Schrödinger	EquaDon)	

 
i! ∂Ψ

∂t
= − !

2

2m
∇2 +U "r( )⎛

⎝⎜
⎞
⎠⎟
Ψ

(constant	potenDal	&	2-D)	

 
i! ∂Ψ

∂t
= − !

2

2m
∂2Ψ
∂2 x

− !
2

2m
∂2Ψ
∂2 y

 Ψ = Ae−iEt !eikxeiky (constant	coefficients	
space	and/or	Dme)	

 
EΨ = !

2kx
2

2m
Ψ +
!2ky

2

2m
Ψ

Dispersion	RelaDon	

 
E = !

2kx
2

2m
+
!2ky

2

2m



ParDcle	in	a	Box	

 
i! ∂Ψ

∂t
= − !

2

2m
∂2Ψ
∂2 x

Time	Independent		
Problem	

 
i! ∂Ψ

∂t
= − !

2

2m
∇2 +U "r( )⎛

⎝⎜
⎞
⎠⎟
Ψ

 Ψ = Ae−iEt !eikx
 
E = !

2k2

2m kL = πn

 
E = !

2

2m
π 2

L2
n2 (Discrete	Energy	Levels)	



ParDcle	in	a	Box	

 
i! ∂Ψ

∂t
= − !

2

2m
∂2Ψ
∂2 x

Time	Independent		
Problem	

 
i! ∂Ψ

∂t
= − !

2

2m
∇2 +U "r( )⎛

⎝⎜
⎞
⎠⎟
Ψ

 Ψ = Ae−iEt !eikx
 
E = !

2k2

2m kL = πn

 
E = !

2

2m
π 2

L2
n2 (Discrete	Energy	Levels)	



Hydrogen	Atom:	ParDcle	in	a	Box	

 
i! ∂Ψ

∂t
= − !

2

2m
∂2Ψ
∂2 x

Time	Independent		
Problem	

 
i! ∂Ψ

∂t
= − !

2

2m
∇2 +U "r( )⎛

⎝⎜
⎞
⎠⎟
Ψ

 Ψ = Ae−iEt !eikx
 
E = !

2k2

2m kL = πn

 
E = !

2

2m
π 2

L2
n2 (Discrete	Energy	Levels)	



Time-Independent	Schrödinger	EquaDon	

(Time	Dependent	Schrödinger	EquaDon)	
 
i! ∂Ψ

∂t
= − !

2

2m
∇2 +U "r( )⎛

⎝⎜
⎞
⎠⎟
Ψ

(Amplitude	is	not	constant)	 Ψ r,t( ) = Φ r( )e−iEt !

(coefficients	depend	on	SPACE	but	NOT	on	TIME)	

(Time	Independent	Schrödinger	EquaDon)	
 
EΦ r( ) = − !

2

2m
∇2Φ r( ) +U r( )Φ r( )

E = − E0
n2U r( ) = − Zq2

4πεor


